We study the effect of s-wave cross-sections in 4 He+n and 9 Li+n elastic scattering reactions by using the Jost function method (JFM). In 5 He ( 4 He+n), the s-wave pole of the S-matrix does not contribute so much to the total cross-section. On the other hand, in 10 Li ( 9 Li+n), the s-wave component can not be neglected due to a relatively strong attraction for the s-waves of the core+n potential. It is shown that the 9 Li-n potential, which is microscopically derived by taking into account the pairing-blocking effect for a p-wave neutron, reproduces the s-wave pole close to the 9 Li+n threshold and strongly enhances the s-wave cross-section near the threshold.
model. It is known well that, for 6 He, the core ( 4 He)+n+n model can successfully reproduce the essential nature of this halo nucleus. However, for 11 Li, to reproduce the binding energy, it might necessary to introduce some "special" mechanisms in the 9 Li+n subsystem, e.g. a strong state dependence for even-and odd-parity states, since the lack of the binding energy is too large. Thompson and Zhukov proposed a relatively strong attraction for the s-wave in the 9 Li-n potential, so that 10 Li has an s-wave "virtual" state [3] . Using such potentials, they discussed that the experimental binding energy of 11 Li (∼ 0.31 MeV) is reproduced. Despite of the success, the mechanism of such a strong state dependence was not clearly explained yet. Recently, Katō, Yamada and Ikeda proposed a potential with a new mechanism that the s-orbit comes down to the same energy region of the p-orbits due to the pairingblocking effect upon the pairing correlation of p-orbital neutrons in the core [4] . Using such a state dependent potential, we showed that the s-wave virtual state is obtained in the 9 Li+n system (the scattering length: a 0 = −9.97fm) and the position of the pole is k = −i0.077fm −1 (E v = −0.135MeV) in our previous calculation [5] .
From the experimental side, it remains to discuss whether the s-state of 10 Li is a resonant state [6] [7] [8] or a virtual one [9] [10] [11] . In the resonant state cases, the energies are observed within 0.1 ∼ 0.2 MeV and the widths are ∼ 0.5 MeV. On the other hand, in the virtual state cases, where the state is characterized as the scattering length a 0 , the estimated scattering lengths are a 0 < −20 fm. The effect of a resonance pole is observed as a "peak" in the total crosssection, and poles of bound and virtual states make an enhancement at the core+n threshold energy. The general behavior of the pole near the threshold energy and its effect to the total cross-section have been investigated [12] . In the 9 Li+n system, it is suggested that there exists an s-state near the threshold energy despite of no bound state, from both experimental [9] [10] [11] and theoretical sides [3, 5] . Hence, it is worthwhile to investigate the behavior of the pole and effect to the cross-section in the 9 Li+n system.
In this paper, we calculate the total cross-sections of the 4 He+n and 9 Li+n elastic scattering and investigate the contribution of the s-waves in the crosssections. And discuss the effect of the s-wave virtual state in 10 Li with comparing an experimental result for a measurement of energy distributions of 9 Li and a neutron in projectile fragments:
11 Li+C → 9 Li+n+X [13] .
First, we explain the method for the numerical calculation. To study crosssections and the effect of the s-wave poles, we use the Jost function method (JFM) [14, 15] , since JFM is quite useful to obtain the position of poles both in the complex energy and the momentum planes. Details of the procedure for an actual calculation are given in the original papers of Sofianos and Rakityansky [14, 15] and also in our previous papers [16, 5] . The important features of the JFM are follows: First, introducing unknown functions F (±) (k, r) for coeffi-cients of the incoming (−) and outgoing (+) waves, we express the regular solutions of the Schrödinger equation as
Second, to solve the equation for F (±) (k, r), we introduce the additional constraint condition, which is usually chosen in the variable-constant method:
Using this condition, the equation for F (±) (k, r) becomes a first-order one:
In the asymptotic region, where the potential goes zero faster than the Coulomb force, the F (±) (k, r) converge into constant F (±) (k), and are equivalent to the "Jost functions" of the original Schrödinger equation. By using the Jost functions F (±) (k), the S-matrix is expressed as
With the help of definite shape of the asymptotic wave function, the convergence of the Jost functions F (±) (k) is quite well. Hence, by using JFM, the physical quantities concerned with the S-matrix can be obtained very easily and accurately. Moreover, we applied this method to obtain the s-wave poles of the S-matrix for virtual states in the complex-momentum plane by solving
Next, we show the results of numerical calculations for cross-sections of the elastic scattering. For the 4 He+n scattering, we use the KKNN potential [17] . Although the 4 He+n elastic cross-section was already given in Ref. [17] , we re-calculate it to emphasize a less contribution of the s-wave component to the total cross-section. In Fig. 1 , it is shown that the dominant component of the total cross-section (solid-line) is the p 3/2 component (dotted-line) and the s 1/2 component (dashed-line) has actually a less contribution. The result is reasonable, since the S-matrix pole of the s-wave resonance in the 4 He+n system using the KKNN potential has a very large imaginary part; E = 7.50− i44.7MeV, as shown in our previous paper [5] . Hence, the contribution of the swave to the total cross-section is very small. In Fig. 1 , the peak around 1 MeV in laboratory frame corresponds to the p 3/2 resonance (E r = 0.89 ± 0.05 MeV, Γ = 0.60 ± 0.02 MeV [18] , in the center of mass energy), and our calculational results(E r = 0.74 MeV and Γ = 0.59 MeV) using the KKNN potential almost agrees with it. The shape of the total cross-section and the position of the peak corresponds to the observed cross-section (see Fig. 1 ).
For the 9 Li+n scattering, we use the same type of the folding potential applied in our previous calculation [4, 5] . To see the contribution of each partial wave clearly, we perform a single-channel calculation using a parameterization of Ref. [4] for p-waves, and investigate the difference by changing the parameter for s-and d-waves. In this calculation, we assume that the spin of the core nucleus ( 9 Li) is 3 2
− coming from the valence p 3/2 proton, and we assign the quantum numbers as (l j ; J π ) for the core+n elastic scattering,
In Fig. 2(a) , we show the total cross-section of the 9 Li+n scattering. In our previous paper [5] , the 1s-state in the 9 Li+n system is obtained as the "virtual" state (a 0 = −9.97fm), which has the pole on the complex momentum plane as k = −ic (c > 0). A possibility for the existence of the s-wave virtual state in the 9 Li+n system is also suggested by Thompson and Zhukov [3] . Due to the contribution of the virtual s-wave pole, k = −i0.077 fm −1 (E v = −0.135 MeV) for (s 1/2 ; 2 − ), the total cross-section has an enhancement at the threshold energy. The contribution of each partial wave is also shown in the same figure ( Fig. 2(a) ). The sharp peak at 0.5 MeV of the total cross-section comes from the contribution of the resonance poles of the p-waves (p 1/2 ; 1 + ) and (p 1/2 ; 2 + ) at E = 0.422 − i0.161 MeV and 0.542 − i0.242 MeV, respectively, using this potential. And for the s-waves, the position of the pole for the (s 1/2 ; 2 − ) is closer to the threshold energy than the (s 1/2 ; 1 − ) one at k = −i0.127 fm −1
(E = −0.366 MeV). Therefore, we investigate the effect of the (s 1/2 ; 2 − ) pole to the total cross-section. To see the contribution of the s-wave pole clearly, we change the strength of the attractive part of the 9 Li-n potential [4] (see Fig. 2(b) ). The potential is made by taking into account the dynamics of a pairing-blocking effect of p-wave neutrons for the core nucleus and a pairing correlation mechanism, then the potential depth for p-waves is pushed up and the attraction of the s-and the d-wave (even-parity states) potential becomes relatively stronger than the p-wave. In this model, the strength for the sand d-waves still has some freedom to fix parameters. Hence, we slightly vary the strength for the even-parity state and investigate the relation between the position of the s-wave poles and the total cross-sections. In our previous calculation, which is one of the candidates, the s-wave pole is at k = −i0.077 fm −1 on the complex momentum plane (virtual state) for (s 1/2 ; 2 − ). Then, we have done the calculation with two different strengths, one is more attractive, which is determined so as to have the pole at almost origin; virtual state at k = −i0.023 fm −1 (E = −0.012 MeV) and another one is less attractive, which is the same order of the strength for the p-wave interaction; virtual state at k = −i0.36 fm −1 (E = −2.89 MeV).
---- Fig.2(a)(b) ----Each calculated total cross-section shows a different behavior at the threshold energy. For the weak strength, there is no enhancement, since the s-wave pole is very far from the threshold energy, E = −2.89MeV (k = −i0.36 fm −1 ). Hence, the contribution of the s-waves to the total cross-section using this strength becomes very small. Also, for the normal case, the enhancement is not so large, due to the small contribution of the s-waves cross-sections as shown in Fig. 2(a) . On the other hand, for the strong case, the enhancement becomes very large, since the position of the s-wave pole is in close proximity to the threshold energy, E = −0.012 MeV (k = −i0.023 fm −1 ), and the contribution to the total cross-section also becomes large at the threshold. 4 He+n case, and it would be one of the most challenging subjects in study of the unstable nuclei. Among the above experiments, we consider that the energy distribution of the projectile fragments 9 Li+n in 11 Li+C → 9 Li+n+X reaction has some correspondence to the total cross-section.
In Ref. [13] , the author used unstable nuclei beams ( 6 He and 11 Li) bombarding to a carbon target, and measured the energy distribution of the projectile fragmentation: the 4 He+n in 6 He+C→ 4 He+n+X, and the 9 Li+n in 11 Li+C→ 9 Li+n+X. In these reactions, it was assumed that a sequential decay process is dominant [13] . In the first step of these reactions, one valence neutron is removed from the projectile, and the remainder forms an intermediate resonance. In the second step, the resonant nucleus emits a second neutron. The energies of the second neutron;a and the rest particle;b are measured, and the relative energy between these particles are determined by using the invariant mass method,
When the sequential decay picture is the dominant process in the reaction, we can consider that an energy distribution gives information of the intermediate resonant nucleus ( 5 He or 10 Li). Here, we consider the 10 Li case. In the pro-jectile fragmentation, the intermediate "resonant" nucleus 10 Li, decays apart into a neutron and a core nucleus 9 Li [13] . Then, at the resonant energy, the energy distribution of the projectile fragments has a resonant peak due to the contribution of the intermediate resonant particle 10 Li. Also, it is enhanced at the threshold energy when the "virtual" state exist in the intermediate state. On the other hand, it is well known that the elastic cross-section has a peak at the resonant energy, and is enhanced at the threshold energy when a virtual state exists. Therefore, the energy distribution of the fragmentation for the low-energy is considered to be similar to ones of the elastic scattering, since the elastic cross-section also has the peak for the resonant state and the enhancement for the virtual state.
In the upper part of Figs. 3(a) and 3(b) , we show our calculated results for the total cross-sections. To compare the calculated total cross-sections with the energy distribution of the experiment [13] , we smear the cross-sections using the resolution of the detector, Γ. And in the lower part, we show energy distributions of 4 He+n ( 5 He) and 9 Li+n ( 9 Li) in the experiment of projectile fragments obtained in Ref. [13] .
---- Fig.3(a)(b) ----In the 5 He case, the correspondence between the calculated total cross-section and the energy distribution is good by taking into the resolution of the detector as Γ = 2.2 √ E MeV [13] , (see Fig. 3(a) ). Based on the good correspondence with the 5 He case, we investigate the 10 Li case as shown in Fig. 3(b) . Our calculation of the total cross-section shows that the enhancement at the threshold energy comes from the s-wave virtual state, as discussed in Fig. 2(a) . We obtain a good correspondence by using Γ = 0.45 √ E MeV [13] . Therefore, we can make sure that the enhancement at the threshold energy comes from the effect of the s-wave virtual state. The closer the position of the pole comes to the threshold energy, the higher the enhancement goes, as shown in Fig. 2(b) . Suppose that the 10 Li has no sharp s-wave resonance at low energy (< 1 MeV), such as our case, the enhancement only comes from the s-wave virtual state. From the experimental side, there are several measurements that indicate the s-wave virtual state [9] [10] [11] . The virtual state is characterized by using the scattering length a 0 as discussed above. In Ref. [11] , the authors estimated the scattering length as a 0 = −16 +4 −7 fm by using the effective range theory. This result corresponds our results within a strong attractive case (a 0 = −40.8fm) and original one (a 0 = −9.97fm). Our potential model, which is made by microscopically with taking into account a pairing-blocking mechanism, has no sharp s-wave resonance at low energy (< 1 MeV) with varying the strength of the attraction [5] , Hence, at this stage, the enhancement of the energy distribution at the threshold energy can be considered as an effect of the s-wave virtual state.
In summary, we calculate the total cross-sections of the 4 He+n and 9 Li+n elastic scattering. As we expected, we found a difference in the contribution of the s-wave between the 4 He+n ( 5 He) and the 9 Li+n ( 10 Li) systems. In the 9 Li+n system, the effect of the s-wave virtual pole appears as the enhancement at the threshold energy. we obtained a good correspondence between the calculated total cross-section and the observed energy distribution [13] . From the comparison of the process of them, we can consider that these two quantities are related to each other. Hence, the character of the resonance peak and the enhancement at the threshold energy corresponds between the cross-section and the energy distribution. Therefore, we can conclude, at this stage, that using our potential model, there is no low-lying s-wave resonant state but is a "virtual" state, and then the enhancement of the energy distribution shows the existence of the s-wave virtual state with large possibility.
In the future work, we should perform coupled-channel calculations of the cross-sections to investigate the property of 9 Li-n reaction precisely, and must proceed to study the reaction mechanism of 11 Li+C→ 9 Li+n+X process. The effect of the s-wave virtual pole on the total cross-section. Solid line is the total cross-section for normal strength, which has the virtual s-wave pole at E = −0.135 MeV same as our previous calculation [5] . Dashed line is strong one and dotted line is weak one in the attractive part of the 9 Li-n potential. Lower part: (a) the energy distributions of the 4 He+n ( 5 He) system from 6 He+C at 800 MeV/A and (b) the 9 Li+n ( 10 Li) system from 11 Li+C at 72 MeV/A, which are obtained by the experiment of Ref. [13] .
